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Finkte Automata
Finite Automata—Concept

tape
lalalab|b|b|b]a]

Characteristics
@ Finite state control

@ Input cannot be modified
@ Head only moves forward
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Finite Automata
Finite Automata—Definition

A finite automaton is a quintuple

M:(szvéaquF)

where
@ Qs afinite set of states,
@ X is an input alphabet,
@ ¢ is afinite set of rules,
@ o € Qs an initial state,
@ F C Qis a set of final states.
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Finkte Automata
Finite Automata—Language

Definition
A configuration is any member of QX*.
If

gwy € QX" and r.qw — p € 9,

then
qwy = py[r].
The language of M is the set

LM)={we X qw=""1 fcF},

where =* is the reflexive and transitive closure of =-.
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Finkte Automata
Finite Automata—Example

tape © Q={0qa, v}
lalalalb[b]b|b]a] o ¥ ={a,b}
@ ¢ contains

o 1.g.a— g5
@ 2.gab — qp
° 3.qvb — Qb

@ M startsin g;
e F=Q

—

L

Current state: Qa
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Finkte Automata
Finite Automata—Example
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Finkte Automata
Finite Automata—Example

tape © Q={0qa, v}
lalalalb[b]b|b]a] o ¥ ={a,b}
@ ¢ contains

o 1.g.a— g3
@ 2.gab — qp
° 3.g0b— Qb

@ M startsin g;
e F=Q

Current state: gp @ M cannot read the last a
o Z(M) = {a}*{b}"
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Self-Regulation—The Main Idea
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Sl e e ez
Self-Regulation—The Main Idea

@ ¢ contains

| o (1.sa— s,{4})

L

state: s, gen. rules:
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o (6.t—f£,0)

@ fis the final state

° (
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° (
° (

@ tis the turn state
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Sl e e ez
Self-Regulation—The Main Idea

@ ¢ contains
la[blalb] | | | | - (il sa— s )
@ (2.sb— s,{5})
e (3.5 —t,{6})
o (4.ta—t,0)

o (5.tb —t,0)

o (6.t—f£,0)

@ fis the final state

—~ A~~~

L

state: s, gen.ﬁ‘rules: 4,5 @ tisthe turn state
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Sl e e ez
Self-Regulation—The Main Idea

@ 0 contains

BREDEEEE e (o8 o 41}
@ (2.sb— s,{5})
e (3.5 —1,{6})
° (
° (

4.ta — t,0)
5.tb — t,0)
e (6.t — f,0)

@ fis the final state

L
state: t, gen.\ rules: 4,5,6 @ tisthe turn state

Automaton makes a turn

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 9/46



Sl e e ez
Self-Regulation—The Main Idea

@ 0 contains

BREDEEEE e (o8 o 41}
@ (2.sb— s,{5})
e (3.5 —1,{6})
o (
° (

4.ta — t,0)
5.t — t,0)
o (6.1 — f,0)

@ fis the final state

L

state: t, gen.ﬁ‘rules: 5,6 @ tis the turn state

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 9/46



Sl e e ez
Self-Regulation—The Main Idea

@ ¢ contains

| e (1.sa— s,{4})

L

state: t, gen.' rules:

Meduna & Masopust (FIT, BUT)

2.sb — s,{5})
3.s—t,{6})
4.ta — t,0)
5.tb — t,0)

o (6.t—f,0)

@ fis the final state

° (
° (
° (
° (

6 @ tis the turn state

Self-Regulating Finite Automata

9/46



Sl e e ez
Self-Regulation—The Main Idea

@ ¢ contains
|a‘b‘a‘b‘ ‘ ‘ ‘ | o (1.sa— s,{4})
2.sb — s,{5})
3.s—t,{6})
4.ta — t,0)
5.tb — t,0)

o (6.t—f£,0)

@ fis the final state

° (
° (
° (
° (

L
state: f, ger’1.ﬁ-ru|es: @ tis the turn state
@ Z(M)={ww:we{a b}*}
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Self-Regulating Finite Automata
Self-Regulating Finite Automata

Let

N:(Ovzvéaqml:)

be a finite automaton.
A self-regulating finite automaton, SFA, is a triple

M = (N7 at, R)a

where
@ g: € Qis aturn state, and
@ R C V x Vis afinite relation on the alphabet of rule labels.
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All-Move Self-Regulating Finite Automata
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All-Move Self-Regulating Finite Automata
All-Move Self-Regulating Finite Automata

Definition
For n > 0, an SFA M is an n-turn all-move SFA, n-all-SFA, if M accepts
w as follows. There is gqow =* f[u], f € F, such that

_,0 1 n
w=r oo n soolfi coolf R

k rules k rules Kk rules

where k € N, r,? is the first rule of the form gx — q;, for some g € Q,

x €x* and -
(r,reR

forall1 <i<k,0<j<n.
The family of languages accepted by n-all-SFAs is denoted S;,.
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First-Move Self-Regulating Finite Automata
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First-Move Self-Regulating Finite Automata
First-Move Self-Regulating Finite Automata

Definition
For n > 0, an SFA M is an n-turn first-move SFA, n-first-SFA, if M
accepts w as follows. There is gow =* f[u], f € F, such that

0 0 1 1 n n
~—— ~——
k rules Kk rules Kk rules

where k € N, r,? is the first rule of the form gx — q;, for some g € Q,
x €xX* and o
(r. it enR
forall0 <j<n.
The family of languages accepted by n-first-SFAs is denoted W,,.
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First-Move Self-Regulating Finite Automata
First-Move SFA—Example

-

lalalblb] | [ [ ] @ § contains
\ o (1.sa— s,{3})
e (2.sa—t,—)
B e (3.tb—f,—)
4 ° (4.fb—f —)
t @ fis the final state
o) @ tis the turn state

state: s, gen. rules:
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Definitions First-Move Self-Regulating Finite Automata

First-Move SFA—Example
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First-Move Self-Regulating Finite Automata
First-Move SFA—Example

epe
lalalblb] | [ [ ] @ § contains

o (1.sa— s,{3})
o (2sa—t,—)

~ o (38.tb—f,—)
o (4.fb—f,—)

t @ fis the final state
o) @ tis the turn state

state: t, geh. rules: 3,-
Automaton makes a turn
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First-Move SFA—Example

tape

[ala]b]b]

| @ § contains

L

state: f, geh. rules: 3,-
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First-Move Self-Regulating Finite Automata
First-Move SFA—Example

epe
lalalblb] | [ [ ] @ § contains

o (1.sa— s,{3})
e (2.sa—t,—)
e (3.tb—f,—)
o (4.fb—f,—)

t @ fis the final state
o) @ ! is the turn state

state: f, geh‘. rules: e M) ={a"b":n>1}
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First-Move Self-Regulating Finite Automata
Outline

Q Results

@ First-Move Self-Regulating Finite Automata
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First-Move Self-Regulating Finite Automata
Parallel Right-Linear Grammars (PRLG)

For n > 0, an n-PRLG is an (n + 3)-tuple

G:(N-],...,Nn,T;SvP)’

where
@ N, are mutually disjoint nonterminal alphabets, 1 </ < n,
@ T is a terminal alphabet,
@ SEZNyU---UN,,
@ P contains three kinds of rules:
QD S—Xi.. Xs XeN,1<i<n,

Q X—wy X,Y eN;forsomei,1<i<n, we T* and
Q X—w XeN,we T+
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First-Move Self-Regulating Finite Automata
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y

if and only if
@ citherx=Sand S — y € P,
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First-Move Self-Regulating Finite Automata
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y
if and only if
@ citherx=Sand S — y € P,
Q X =y Xy Xo ... yu Xy
I
Y=Y1XiYaXo...YnXn
YieT, x;e T*"NUT*, X;e Nj, Xi — x; € P,1<i<n.
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First-Move Self-Regulating Finite Automata
PRLG—Derivation Step

Forx,y e (NUTU{S})",
X=y

if and only if
@ citherx=Sand S — y € P,
Q x =y XiyoXo. .. ynX
I
Y=WNX1YaXo...YnXn
yieT, ;e T"NUT*, Xie Nj, Xi — x;€ P,1<i<n.

ZL(G)={we T*:S=7 w}, =T defined as usual.

R, ={Z(G): Gis an n-PRLG}.
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First-Move Self-Regulating Finite Automata
PRLG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
o A— aA
@ A— a
@ B— bB
e B—-b
Consider a derivation in G:

S
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First-Move Self-Regulating Finite Automata
PRLG—Example

Example
Let G = ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

e S— AB
o A— aA
@ A— a
@ B— bB
e B—-b
Consider a derivation in G:

Z2(G)={a"b":n>1}

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 20/ 46



Lemma
Let G be a 3-PRLG. There is a 2-first-SFA M s. t. Z(G) = Z(M).

Proof idea.
y
= ()
(8
Xi1Y14
; T
x1Xoy1Yo212,
)
X1XoY1Y22122 e
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Lemma

Let M be a 2-first-SFA. There is a3-PRLG G s. t. Z(G) = Z(M).

Let = (QoXo — 1), (g1 X1 — Q2),(gaX2 — q),
(nyr — ), (rey: — i),
(gizo — $1), (8121 — 82), (5222 — )

be an acceptance of xgXxyXoyoV1Y22021222> in M. Then,

S:> [q0X07q1707 Ch] [inO’S172a qf]
= Xo[q4,0, tlyolri, 1, Gl 20[S1, 2, ]
= XoX1[q2,0, Gt]yoy1[re, 1, Qil2021[S2, 2, G5,
= XoX1X2[qt, 0, Qelyoy1¥2[ai, 1, il 2021 22[qr, 2, g1
= XoX1X2YoY1Y2202122
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Lemma

Let M be a 2-first-SFA. There is a3-PRLG G s. t. Z(G) = Z(M).
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Lemma

Let M be a 2-first-SFA. There is a3-PRLG G s. t. Z(G) = Z(M).
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First-Move Self-Regulating Finite Automata
PRLG vs. first-SFA

Lemma

Let G be an n-PRLG. There is an (n — 1)-first-SFA M such that
Z(G) =Z(M).

Let M be an n-first-SFA. There is an (n+ 1)-PRLG G such that
2(G) =2(M).

Foralln>0, W, = Rn.1.
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First-Move Self-Regulating Finite Automata
Language Families of First-Move SFAs

Q@ REG=WocW,cW,cC---CCS.

Q@ W; c CF.

Q W, Z CF.

Q CF¢Z W, forany n> 0.

@ Foralln> 0, W, is closed under union, finite substitution,
homomorphism, intersection with a regular language and right
quotient with a regular language.

Q Foralln> 1, W, is not closed under intersection,complement,
and inverse homomorphism.

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 24 /46



All-Move Self-Regulating Finite Automata
Outline

Q Results

@ All-Move Self-Regulating Finite Automata
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All-Move Self-Regulating Finite Automata
Right-Linear Simple Matrix Grammar (RLSMG)

For n > 0, an n-RLSMG is an (n + 3)-tuple

G:(N-],...,Nn,T;SvP)’

where
@ N; are mutually disjoint nonterminal alphabets, 1 < i < n,
@ T is a terminal alphabet,
@ SZNyU---UN,,
@ P contains three kinds of matrix rules:

Q [S— Xi... X)) Xie N,1<i<n,
Q [Xi —wiYy,... . Xn = w,yYy] wie T, X, Yi e N1 <i<n
Q [Xi - wy,.... X, — wy] XieN,weT*1<i<n.
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All-Move Self-Regulating Finite Automata
RLSMG-Derivation Step

Forx,y e (NUTU{S})",
X=y

if and only if
@ either x =Sand [S — y] € P,
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All-Move Self-Regulating Finite Automata
RLSMG-Derivation Step

Forx,y e (NUTU{S})*,
X=y
if and only if
@ either x =Sand [S — y] € P,
Q X =y Xy Xo ... yu Xy
ool |
Y=Y1X1Ya2Xa...YnXn
yieTx;e T*"NUT*, X; e Nj,1 <i<n,
[X1 —>X1./...,Xn—>Xn]EP.
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All-Move Self-Regulating Finite Automata
RLSMG-Derivation Step

Forx,y e (NUTU{S})*,
X=y
if and only if
@ either x =Sand [S — y] € P,
Q X =y Xy Xo ... yu Xy
ool |
Y=Y1X1Ya2Xa...YnXn
yieTx;e T*"NUT*, X; e Nj,1 <i<n,
[X1 —>X1./...,Xn—>Xn]EP.

ZL(G)={weT":S=7 w}, =7 is defined as usual.
R = {£(G) : Gis an n-RLSMG}.
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All-Move Self-Regulating Finite Automata
RLSMG—Example

Example
Let G= ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

@ [S— AB]

@ [A— aA B — aB|

@ [A— bA,B — bB]

0 [A—¢e,B— ¢
Consider a derivation in G:

S
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@ [S— AB]

@ [A— aA B — aB]
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All-Move Self-Regulating Finite Automata
RLSMG—Example

Example
Let G= ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

@ [S— AB]

@ [A— aA B — aB]

@ [A— bA, B — bB]

@ [A—¢e,B—¢]
Consider a derivation in G:

S = AB = aAaB = abAabB = abaAabaB =- abaaba
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All-Move Self-Regulating Finite Automata
RLSMG—Example

Example
Let G= ({A},{B},{a, b}, S, P) be a 2-PRLG, where P containes rules

@ [S— AB]

@ [A— aA B — aB|

@ [A— bA,B — bB]

0 [A—¢e,B— ¢
Consider a derivation in G:

Z(G)={ww:we{ab}"}
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All-Move Self-Regulating Finite Automata
RLSMG vs. all-SFA

Lemma

Let G be an n-RLSMG. There is an (n — 1)-all-SFA M such that
Z(G) = ZL(M).

Lemma

Let M be an n-all-SFA. There is an (n+ 1)-RLSMG G such that
Z(G) =<Z(M).

Foralln >0, Sp = Rjpyq)-
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All-Move Self-Regulating Finite Automata
Language Families of All-Move SFAs

Q@ REG=S,CcS;cS c---cCS.
Q S; ¢ CF.
©Q CFZ S, forn>0.

©Q Foralln> 0, S, is closed under union, finite substitution,
homomorphism, intersection with a regular language, right
quotient with a regular language, and inverse homomorphism.

@ Foralln>0, S, is a full trio.
©Q Foralln > 1, S, is not closed under intersection, and complement. /
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Comparison of First-Move and All-Move SFAs
Outline

Q Results

@ Comparison of First-Move and All-Move SFAs
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Comparison of First-Move and Al-Move SFAS
Comparison

Q@ W, =S, = REG.

Q Foralln>0, W,C S,.

Q W, ZS,_1,n>1.

Q@ S, —W+#0,n>1, where W = Un_; Wn.
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Comparison of First-Move and Al-Move SFAS
Comparison

W, is the family of languages accepted by n-first-SFAs
Sy is the family of languages accepted by n-all-SFAs
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Self-Regulating Pushdown Automata
Outline

0 Open Problems
@ Self-Regulating Pushdown Automata
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Self-Regulating Pushdown Automata
Pushdown Automata—Concept

tape Characteristics

[ala[a]b]b[b]b]a] @ Finite state control

@ Input cannot be modified
@ Head only moves forward
°

Potentially infinite pushdown
store

@ Pushdown top can be modified

@ Pushdown-head reads the top
symbol

pushdown
BEBRE
=
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Self-Regulating Pushdown Automata
Pushdown Automata—Definition

A pushdown automaton is a quintuple

M = (0727 r7 57 quZO7 F)7

where
@ Qs afinite set of states,
@ X is an input alphabet,
@ I is a pushdown alphabet,
@ ¢ is a finite set of rules,
@ o € Qs an initial state,
@ 7 is an initial pushdown symbol,
@ F C Qis a set of final states.
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Self-Regulating Pushdown Automata
Pushdown Automata—Language

A configuration is a member of * QX*.
If

gwy € I Qx* and r.Aqw — ~p € 4,

then
xAqwy = xypy [r]

The language of M is the set

LM)={we X Zhgw=""1 feF}.

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 37 /46



Self-Regulating Pushdown Automata
Self-Regulating Pushdown Automata

Let

N = (0727 ra67 quZ()?F)

be a pushdown automaton.
A self-regulating pushdown automaton, SPDA, is a triple

M = (N7 at, R)a

where
@ g: € Qis aturn state, and

@ R C V¥ x Vis afinite relation, where WV is an alphabet of rule
labels.
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Self-Regulating Pushdown Automata
All-Move Self-Regulating Pushdown Automata

For n > 0, an SPDA M is n-turn all-move SPDA, n-all-SPDA, if M
accepts w as follows. There is Zygow ="* f[u|, f € F, such that

_,0 1 n
uw=n oo n soolfi coolf R

k rules k rules Kk rules

where k € N, r,? is the first rule of the form Zgx — ~q;, for some Z €T,
geQ,xex* yel* and

(r/ r/+1) €R

forall1 <i<k,0<j<n.
The family of languages accepted by n-all-SPDAs is denoted
Z(n-all-SPDA).
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Self-Regulating Pushdown Automata
First-Move Self-Regulating Pushdown Automata

Definition
For n > 0, an SPDA M is n-turn first-move SPDA, n-first-SPDA, if M
accepts w as follows. There is Zygow ="* f[u|, f € F, such that

_ 0,0 0
p=ril5...r

k rules k rules Kk rules

1,1 1 n,.n n
Hry ...0he... K ... 0,

where k € N, r,? is the first rule of the form Zgx — ~q;, for some Z €T,
geQ,xex* yel* and

(r, A" eR

forall0 <j<n.

The family of languages accepted by n-first-SPDAs is denoted
Z(n-first-SPDA).
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Self-Regulating Pushdown Automata
All-Move Self-Regulating Pushdown Automata

Z(0-all-SPDA) = CF
This is clear. O
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Self-Regulating Pushdown Automata
All-Move Self-Regulating Pushdown Automata

Z(1-all-SPDA) = RE.

Proof Idea.

L € RE, then there are CFGs G and H such that

L = h(Z(G) N Z(H)).

1-all-SPDA M simulates, on the pushdown,

@ aderivation in G. If ais on the top, M reads h(a) from the input
tape.

@ a derivation in H generating the same string (according to the
ralation of M). M reads no input.
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Self-Regulating Pushdown Automata
All-Move Self-Regulating Pushdown Automata

Proof Idea.

tape

R Characteristies |

@ b; = h(a))

checkif ajas...ap € Z(G)

if so, h(araz ... an) € h(Z(G))
check if ajas...ap € Z(H)

if so,
a1a...ap € Z(G)NZ(H)

© 6 6 o

pushdown

Meduna & Masopust (FIT, BUT) Self-Regulating Finite Automata 43/ 46



Self-Regulating Pushdown Automata
All-Move Self-Regulating Pushdown Automata

Proof Idea—Construction.

M = ({quqa at, p, f}aA7ZU NGU NHU {Z},(S, qO’Z){f}aR)
Z ¢ Y UNgU Ny, with R and § made as

Q add (Zqy — ZS5q,Zgq; — ZSup) to R

Q add (Aq — B,...Byaq,Cp — Dn,...Dyap) to R if
A—aBy...B, e Pgand
C—aD;...Dye Py

© add (agh(a) — gq,ap — p)to R
Q add (Zg — Zq:, Zp — f)to R
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Self-Regulating Pushdown Automata
Open Problems

Clearly, Z(0-first-SPDA) = CF.

What is £ (n-first-SPDA), for n > 1?
Determinism.

3 Closure properties under other operations.

NN —
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